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Graviton fluctuations induce strong non-perturbative infrared renormalization effects for the cosmological constant. The
functional renormalization flow drives a positive cosmological constant towards zero, solving the cosmological constant
problem without the need to tune parameters. We propose a simple computation of the graviton contribution to the flow
of the effective potential for scalar fields. Within variable gravity we find that the potential increases asymptotically at
most quadratically with the scalar field. With effective Planck mass proportional to the scalar field, the solutions of the
derived cosmological equations lead to an asymptotically vanishing cosmological “constant” in the infinite future, providing
for dynamical dark energy in the present cosmological epoch. Beyond a solution of the cosmological constant problem, our
simplified computation also entails a sizeable positive graviton-induced anomalous dimension for the quartic Higgs coupling
in the ultraviolet regime, substantiating the successful prediction of the Higgs boson mass within the asymptotic safety
scenario for quantum gravity.
The tiny value of the cosmological constant V , as compared
to the Fermi scale of weak interactions, h0 = 176 GeV, or the
Planck mass M = 2.4× 1018 GeV, is an old puzzle [1]. In units
of the Planck mass this value amounts to V/M4 ≈ 10−120.
Within quantum field theory the cosmological constant can be
identified with the value that the effective potential of scalar
fields takes at its minimum or for a given cosmological so-
lution. Approximating the effective potential for the Higgs
doublet h by U = λh (h
†h)2/2 − λh h20 h†h + ch, it is hard to
understand why the difference V = ch − λhh40/2 should take
a value ∼ (2× 10−3 eV)4, much smaller than h40. In this note,
we argue that quantum gravity effects induce a strong renor-
malization of the cosmological constant, making its value on
cosmological scales almost independent of the value of ch at
the Fermi scale.
In a general quantum field theory the cosmological constant
or the effective scalar potential are functions of an infrared
(IR) scale k. For a given k only fluctuations with momenta
larger than k, or wavelength smaller than k−1, are included
in the computation of the renormalized quantities. For exam-
ple, k may be set by the momentum of particles in a scat-
tering process. For this case, the k-dependence or “running”
of the strong coupling constant in quantum chromodynamics
has been impressively confirmed by observation. We find that
graviton fluctuations are responsible for a strong running of
V (k). Even if V (k) is of the order h40 or larger at the scale
k = h0, it will take a tiny value on a cosmological scale k ≈ H,
as required by observation.
A widespread view asserts that quantum gravity effects be-
come important on short length scales of the order of the
Planck length lP = 1/M , while being negligible for much larger
wavelengths of the fluctuations. One would then expect that
quantum gravity effects can give only negligible contributions
to the running of V between k = h0 and k = H, suppressed by
a factor M−2. We will see that these simple considerations do
not hold due to a potential instability of the graviton fluctua-
tions. While the contribution of graviton fluctuations indeed
involves a factor M−2, there is also an enormous enhance-
ment factor for the flow of V in the vicinity of the instability.
As the instability is approached, the flow equations become
singular, preventing in this way any unstable behavior. This
“avoidance of instabilities” gives rise to strong IR effects in
quantum gravity.
Our method for the computation of the quantum gravity ef-
fects for the cosmological constant is based on the exact flow
equation for the effective average action [2]. Applied to the ul-
traviolet (UV) behavior of quantum gravity [3], it has already
led to substantial evidence for asymptotic safety [4], which
would render quantum gravity non-perturbatively renormaliz-
able. In this note, we concentrate on the IR effects of quantum
gravity. While rather extensive information has been available
on the UV flow for a long time [5–10], a detailed exploration
of the IR flow is only at its beginning [11–16].
Due to the importance of the gauge symmetry of diffeomor-
phism transformations, a full computation of the flow equation
for V or U gets rather involved already for simple truncations
of the effective average action. Our aim is here to demon-
strate the key features of the gravitationally induced flow of
the effective potential. For this purpose, we only include the
contributions from the graviton fluctuations, leaving other de-
grees of freedom in the metric and ghosts aside. This leads
to an intuitive and simple expression for the flow equation.
The restriction to the graviton fluctuations also avoids several
conceptual and technical complications. The graviton fluc-
tuations are physical fluctuations that do not depend on the
choice of a gauge. Analytic continuation between Euclidean
and Minkowski signature is particularly simple for the graviton
fluctuations. Furthermore, the graviton fluctuations cannot
mix with scalar or vector fluctuations for any geometry with
rotation invariance. This block diagonal form of the propaga-
tor matrix allows us to treat the graviton fluctuation effects
independently of other fluctuations.
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Our proposal for the solution of the cosmological constant
problem will be formulated within variable gravity, with effec-
tive Planck mass M(χ) or Newton’s “constant” depending on
a scalar field χ. The main ingredient states that the strong
IR graviton fluctuations exclude for χ→∞ an increase of the
effective potential U(χ) faster than M2(χ). The observable
cosmological constant is determined by the dimensionless ratio
U(χ)/M4(χ), which decays asymptotically ∼ M−2(χ). The
cosmological solutions of models with variable Planck mass
lead to an asymptotic increase M(χ) → ∞ for the infinite
future, resulting in an asymptotically vanishing cosmological
constant. The universal asymptotic properties of U(χ) are in-
dependent of microscopic parameters, as characteristic for an
IR fixed point.
The most prominent features of the graviton-induced renor-
malization effects can already be seen without the scalar field,
and we therefore start with simple Einstein gravity in Eu-
clidean flat space. The inclusion of scalar fields and extensions
to Minkowski space and other geometries are discussed subse-
quently. We believe that our simple approach already contains
all important elements for the strong IR-gravity effect.
1 Scale-dependent cosmological constant
Consider a flat Euclidean background geometry, g¯µν = δµν .
We restrict the metric fluctuations to the transversal traceless
part,
gµν = δµν + tµν , tµν = tνµ,
tµµ = δ
µνtµν = 0, q
µtµν = 0.
(1)
In momentum space tµν is a function of the Euclidean four-
momentum qρ = (q0, q) with q
2 = qρqρ. The Euclidean
Einstein-Hilbert action with cosmological constant V , reduced
Planck mass M and curvature scalar R˜ reads
Γ =
∫
x
√
g
(
V − M
2
2
R˜
)
. (2)
The term quadratic in tµν ,
Γ2 =
1
2
∫
q,q′
tµν(−q′) Γ(2)µνρτ (q′, q) tρτ (q), (3)
defines the second functional derivative
Γ(2)µνρτ (q′, q) =
(
M2q2
4
− V
2
)
P (t)µνρτ (q)δ(q′ − q). (4)
Here
∫
q
=
∫
d4q
(2pi)4 , δ(q
′ − q) = (2pi)4δ4(q′µ − qµ), and the pro-
jector on tµν , P
(t) = (P (t))2 is given by
P (t)µνρτ =
1
2
(
P˜µρ P˜ντ + P˜µτ P˜νρ
)− 1
3
P˜µν P˜ρτ ,
P˜ νµ = δ
ν
µ −
qµq
ν
q2
, TrP (t) = P (t)µνµν = 5.
(5)
The propagator or connected two-point function for tµν is
the inverse of Γ(2) on the projected space [17]
Gµνρτ (q
′, q) =
4
M2
(
q2 − 2V
M2
)−1
P (t)µνρτ (q) δ(q
′ − q). (6)
We observe that the cosmological constant V acts like a mass
term for the graviton,
m2 = − 2V
M2
. (7)
For V > 0 the propagator is tachyonic and one expects strong
infrared instabilities. The negative sign in eq. (7) will be the
crucial ingredient for the solution of the cosmological constant
problem. We recall that for V 6= 0 flat space is not a solution
of the field equation
M2
(
R˜µν − 12 R˜ gµν
)
= −V gµν . (8)
The metric propagator in a flat background is therefore an
“off-shell propagator”, as needed for the functional renormal-
ization flow.
Functional renormalization investigates the dependence of
the effective average action Γk on an infrared cutoff scale k.
We work in the simple truncation (2), where V and M2 are
now k-dependent “running couplings”. We will see that the
flow of V with t = ln(k/M) is such that the potential instabil-
ity in the propagator (6) is avoided. Our starting point is the
exact functional flow equation for the effective average action
[2]
∂tΓk =
1
2
tr{Gk ∂tRk}, (9)
with
(Γ
(2)
k +Rk)Gk = 1. (10)
It involves the matrix Γ
(2)
k of second functional derivatives of
Γk and the IR cutoff that we take as
R µνρτk (q
′, q) =
M2
4
Rk(q)P
(t)µνρτ δ(q′ − q). (11)
The cutoff function will be chosen such that an addition of
Rk(q) to to the kinetic term q
2 in Γ(2) provides a type of pos-
itive (momentum-dependent) mass term ∼ k2, but only for
momenta q2 . k2. Correspondingly, the propagator Gk in the
presence of the IR cutoff replaces in eq. (6) q2 → q2 + Rk(q).
We will start the flow for large enough k such that the IR cut-
off prevents any singular behavior of Gk, e.g. k
2  |m2|. As
k is lowered, one gradually approaches the potential singular
behavior.
In a flat background tµν(q) is an irreducible tensor rep-
resentation of the rotation group SO(4) (or Lorentz group
for Minkowski signature). It therefore cannot mix on the
quadratic level with scalar or vector representations. The
transversal traceless fluctuations are physical metric fluctua-
tions that do not mix with the gauge fluctuations [17]. These
properties make the flow equation (9) block-diagonal and al-
low us to deal with the tµν-contribution to the flow separately.
Additional pieces in the flow equation from metric fluctua-
tions beyond tµν , gauge fixing terms and ghosts [3, 18] will be
neglected for our discussion. They may partly cancel contri-
butions from fluctuations in tµν , without changing the over-
all picture. With respect to the rotation group SO(3) the
transversal traceless fluctuations contain the two degrees of
freedom of the graviton. They also account for two vector and
one scalar degree of freedom that do not correspond to prop-
agating particles if the background obeys the field equations
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[17]. In a later part of this note we will focus on the prop-
agating graviton fluctuations. This will not affect the main
findings. In the first part on flat space we employ “graviton”
in the wider sense of the full irreducible representation tµν .
We are interested in the flow of the cosmological constant
V . It is obtained directly by evaluating eq. (9) for vanishing
metric fluctuations, gµν = δµν , such that Γ =
∫
x
V results in
the simple one-loop expression
∂tV = k ∂kV = 5Ik
(− 2VM2 ), (12)
with
Ik(m
2) =
1
2
∫
q
(
q2 +Rk(q) +m
2
)−1
∂tRk(q). (13)
Employing the Litim cutoff [19]
Rk(q) = (k
2 − q2) θ(k2 − q2) (14)
replaces q2 + Rk → k2 for q2 < k2, while not affecting the
propagator (q2 + m2)−1 for q2 > k2. It permits to solve the
momentum integral analytically
Ik(m
2) =
1
32pi2
k6
k2 +m2
. (15)
The flow equation (12) for V has a very intuitive interpreta-
tion: one takes the one-loop formula for the contribution of the
graviton fluctuations ∼ ∫
q
ln(q2 − 2V/M2), replaces q2 → k2
in the IR region, and takes a logarithmic k-derivative. We will
see below that the same type of equation holds in Minkowski
space, with q2 = −ω2 + q2, q0q0 = −ω2, in the momentum
integration (13).
The qualitative features of the solution of the flow equation
are best discussed in terms of the dimensionless variable
v =
2V
M2k2
. (16)
Approximating first M by a constant, the flow equation reads
∂tv = βv = −2v + 5k
2
16pi2M2
(1− v)−1. (17)
This is a central equation of this note. Its generalization to
the flow of the effective potential for scalars is the basis for the
proposed solution of the cosmological constant problem. We
observe the pole at v = 1, which is multiplied by a small factor
for k2  M2. The behavior of βv is shown for two values of
k2/M2 in fig. 1. As k is lowered, the transition between the
two regimes becomes very sharp. The singular second term in
eq. (17) plays then a role only for v very close to one.
0.6 0.8 1
−2
−1
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2
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Figure 1: Beta function for the dimensionless variable v =
2V/M2k2 for two values k/M = 1 and k/M = 0.4. The ar-
rows denote the flow towards k → 0 approaching the zero close
to v = 1 (cf. eq. (17)).
We concentrate on a positive cosmological constant, v > 0,
and the range v < 1 for which the integral (13) is well de-
fined. A small value of v flows towards larger values according
to βv ≈ −2v. On the other hand, values of v very close to
the pole at v = 1 decrease and βv is dominated by the posi-
tive second term. The solutions of the flow equation (17) are
attracted towards a sliding approximate fixed point vc(k) for
which βv vanishes,
vc(1− vc) = 5k
2
32pi2M2
. (18)
This can be clearly seen by the numerical solutions of eq. (17)
shown in fig. 2. This figure demonstrates in a simple way how
initial values are “forgotten”. The IR value v = 1 is reached
independently of details of the initial conditions. In this way
the cosmological constant problem will be solved without the
need for fine-tuning of parameters.
−2 −1
0.5
1
t
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Figure 2: Flow of the dimensionless variable v = 2V/M2k2
with t = ln(k/M) for different initial conditions. The trajec-
tories shown all approach the quasi-fixed point vc ≈ 1 as k is
lowered.
For k2  32pi2M2/5, the relevant vc is close to 1, implying
for the flow of the cosmological constant
Vc(k) =
M2k2
2
vc(k) =
M2k2
2
− 5k
4
64pi2
. (19)
As k goes to zero the cosmological constant approaches the
pole at v = 1, but it never crosses it. The graviton-induced
infrared flow of the cosmological constant drives it to zero!
This holds actually even if the approximate fixed point vc(k)
is not reached, which can happen for initial values of v very
close to zero or one. Since the flow is confined to the region
0 ≤ v ≤ 1, the flowing cosmological constant always obeys
0 ≤ V ≤M2k2/2.
We conclude from this simple discussion that graviton fluc-
tuations can have strong effects on the running of the cos-
mological constant, even in the region k2  M2. For k2 
2V/M2 the flow ∂tV ∼ k4 would rapidly become insignificant
as k goes to zero. This changes dramatically for k2 ≈ 2V/M2.
The pole in eqs. (12) and (17) can enhance the β-function
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by a large factor and prevents V from remaining larger than
M2k2/2. The observation that a potential singularity in flow
equations is avoided has been made earlier within functional
renormalization. This feature explains the approach to con-
vexity of the effective potential in scalar theories [20]. Rather
than being just a formal mathematical construction, this ap-
proach to convexity due to fluctuations is a physical effect
[21], needed, for example, for the quantitative understanding
of spontaneous nucleation in first-order phase transitions [22].
For quantum gravity singular features of the flow of the cos-
mological constant have been noted and discussed since early
stages [3, 11, 12, 23–27], while consequences for the physi-
cal value of the cosmological constant and cosmological con-
sequences remained unclear. In this note we argue that the
“avoidance of instabilities” by the flow governs directly the
value of the observable cosmological constant and determines
the features of dark energy in cosmology.
The length scale of the fluctuations driving the cosmological
constant to zero can be far in the infrared. If we only include
fluctuations with q2 > k2 the effective cosmological constant
V has a positive value V ≈ M2k2/2. With Minkowski signa-
ture, this would correspond to a de Sitter space with Hubble
parameter H2 = k2/6. In other words, the fluctuations with
wavelengths close to but somewhat smaller than the “would-be
horizon” are needed in order to drive the cosmological constant
to zero.
At this point, we should mention two important implicit as-
sumptions underlying our computation of the flow of V . The
first is that the field equations for the graviton, the gravi-
ton propagator, and its interactions can be derived from a
diffeomorphism invariant effective action involving only one
metric field. The second states that this effective action can
be approximated by a derivative expansion to second order.
These assumptions imply eq. (2) at leading order. They are
the basis of all computations in classical gravity and therefore
well tested by experiment. Within functional renormalization
it has been argued [17, 28, 29] that these properties indeed
hold, provided one chooses a suitable physical gauge fixing or,
equivalently, a constraint on conserved sources and physical
fluctuations. These assumptions imply that the effective ac-
tion for traceless transversal tensor fluctuations around flat
space can be expanded as
Γ =
∫
x
√
g¯
(
V − V
4
tµνtµν −
M2
8
tµν∂2tµν + . . .
)
(20)
with
√
g¯ = 1 for Euclidean signature and
√
g¯ = i for
Minkowski signature, and ∂2 = g¯µν∂µ∂ν . The dots denote the
graviton interactions. In the limit of vanishing momentum
(∂ργ
mn = 0), the graviton propagator and all interactions are
determined by a single constant V , which is also the constant
part in Γ. This is the “diffeomorphism constraint” on the ef-
fective action for the graviton. We employ this constraint and
evaluate the flow of V by the flow of the constant term.
In pure gravity a k-independent value of M2 is typically rel-
evant for the IR running. Close to an ultraviolet (UV) fixed
point one expects instead a scaling behavior M2 = fk2 [3].
Our discussion can easily be extended to M2 depending ex-
plicitly on k. In this case, the factor M2 in the cutoff (11)
leads to the replacement ∂tRk → ∂tRk + (∂t lnM2)Rk in the
integrand J . For M2 = fk2 one replaces eq. (17) by
∂tv = −4v + 5
16pi2f
(1− v)−1. (21)
(More precisely, the second term on the r.h.s. is multiplied by
4/3 if we replace in the IR cutoff (11) M2 → fk2. Throughout
this note, we will neglect terms from the k-dependence of M2
in the cutoff (11).) The corresponding flow shows two fixed
points, determined by
v∗(1− v∗) = 5
64pi2f
. (22)
The solution with smaller v∗ corresponds to the UV fixed
point, whereas the larger v∗ is IR-attractive. In the UV scal-
ing region, one has V ∼ k4. For M2(k) = fk2 + M2 the IR
fixed point in eq. (22) is no longer realized if k2 < M2/f , and
the flow switches to the behavior (17). This reflects some of
the qualitative features observed in more involved functional
renormalization studies with a flat background geometry [12].
(Note that the concept and definition of the cosmological con-
stant in [12] differs from the present one. The diffeomorphism
constraint (20) is not realized in this work.)
2 Flowing scalar potential
Our simple discussion can be extended to the graviton contri-
butions to the flow of the effective (average) potential Uk(χ)
of some scalar field χ. (See [14, 30–34] for more extended
quantum gravity investigations with scalar fields.) One sim-
ply replaces in the flow equation (12) V by U(χ). Here U(χ)
is defined by evaluating Γ for vanishing metric fluctuations in
flat space, and for constant χ, ∂µχ = 0, i.e. Γ =
∫
x
U(χ).
The scalar potential describes all scalar interactions at zero
momentum. The graviton contribution does not change if we
replace V by U(χ). Flow equations for χ-derivatives, such
as the scalar mass term ∂2U/∂2χ, can be obtained by tak-
ing χ-derivatives of the flow equation for U(χ). The implicit
assumption underlying this framework states that the zero-
momentum limit for the field equations, propagators and in-
teractions of the physical graviton and scalar field fluctuations
can be derived from a diffeomorphism-invariant effective ac-
tion Γ =
∫
x
√
g U(χ).
In addition to the graviton contribution, there are other
contributions to the flow of U . For the example of a canonical
kinetic term for χ, the combination of the fluctuations of the
scalar χ and the graviton yields in a simple truncation
∂tU =
k6
32pi2
(
5
k2 − 2U/M2 +
1
k2 + ∂2U/∂2χ
)
. (23)
The second term [2, 35] involves the χ-dependent scalar mass
term, as given by the second derivative of U . We assume here
a range for which the mixing of fluctuations in χ with scalar
fluctuations in the metric can be neglected.
We distinguish two regimes. As long as k  |2U/M2|, the
first term mainly contributes to the flow of a χ-independent
additive constant. The flow of the χ-dependence of U is
governed by the scalar fluctuations, with a negligible gravi-
ton contribution. This yields the standard flow of the effec-
tive average potential [35]. For models with a discrete sym-
metry χ → −χ, the potential only depends on ρ = χ2/2,
with ∂2U/∂2χ = U ′ + 2ρU ′′ and primes denoting derivatives
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with respect to ρ. In a truncation where U ′′′ and higher ρ-
derivatives are neglected, the flow of U ′ and U ′′ can be com-
puted by taking ρ-derivatives of eq. (23), i.e.
∂tU
′ = − k
6
32pi2
{
3U ′′
(k2 + U ′ + 2ρU ′′)2
− 10U
′
M2(k2 − 2U/M2)2
}
(24)
and
∂tU
′′ =
k6
16pi2
{
9U ′′2
(k2 + U ′ + 2ρU ′′)3
+
5U ′′
M2(k2 − 2U/M2)2
}
.
(25)
The graviton corrections are suppressed by a factor 1/M2.
(In eq. (25), we keep only the leading power.) If we identify
the quartic scalar coupling λ with U ′′(ρ0), with ρ0 the loca-
tion of the minimum of U(ρ), and take k2  |U ′ + 2ρU ′′|,
k2  |2U/M2|, we recover the usual one-loop running up to a
gravitational correction,
∂tλ =
9λ2
16pi2
+
5λk2
16pi2M2
. (26)
For particle physics experiments, the external momenta of
the scattered particles typically set an effective IR cutoff.
Identifying k roughly with this cutoff, it will be in the GeV
range. (A few orders of magnitude play no role here.) For a
potential
USM = V +
λ
2
(ρ− ρ0)2 (27)
mimicking the one of the Higgs scalar, gravity effects are neg-
ligible in the range λρ2  k2M2. Similar features hold for ex-
tended models where Yukawa couplings to fermions or gauge
interactions are taken into account.
The second regime concerns the “singular region” k2 ≈
2U/M2. For a potential of the form (27), this always be-
comes relevant for very large ρ, namely ρ ≈ kM/√λ. In this
region, the graviton-induced renormalization effects become
strong and the polynomial form of U is no longer maintained.
Typically, the potential flattens for very large ρ, such that
U(ρ) . M2k2/2 and the pole will not be crossed. A good
approximation to the result of the flow is given by
U(ρ) =
{
USM(ρ) for ρ < ρc,
M2k2/2 for ρ > ρc,
(28)
with ρc dependent on k according to
USM(ρc) =
M2k2
2
. (29)
The transition region for ρ near ρc will be smoothened, but
the behavior for ρ  ρc is given to a good accuracy by the
flat part of the potential (28).
As k is lowered, ρc(k) decreases and the field region where
the “standard model” potential USM is valid shrinks. For
V < 0 in eq. (27), the standard model region remains finite
with
(
ρc(k = 0)− ρ0
)2
= −2V/λ. For V > 0, however, the
potential becomes entirely flat for small enough k, given by
the k-dependent cosmological constant discussed previously.
While the range of ρ where the flattening happens is not rel-
evant for particle scattering, it may be very important for
cosmology and the cosmological constant problem.
We can also extend our simplified discussion to the scaling
regime near a UV fixed point, where M2 = fk2. This results
for eq. (26) in the gravity-induced anomalous dimension Aλ,
∂tλ = Aλλ+
9λ2
16pi2
, Aλ =
5
16pi2f
=
5g∗
2pi
. (30)
The anomalous dimension is positive, Aλ > 0, such that
λ is driven towards zero as k is lowered. Typically, Aλ is
of the order one, such that the approach to λ = 0 is fast.
Values found for the scaling gravitational coupling in func-
tional renormalization group investigations of gravity are in
the range g∗ = GNk2 = (8pif)−1 = 0.3 [6], 1.4 [8], 1.0 [36], 2.0
[11], 1.5 [37], 0.8 - 1.8 [38], 0.7 - 0.9 [39], 0.8 [12], 1.2 [32].
3 Cosmon potential in variable gravity and the
solution of the cosmological constant problem
In general, M2 is a function of the “cosmon” scalar field χ.
For large χ, one expects M2 ∼ χ2, and we will choose a nor-
malization of the scalar field where M = χ. Adding a kinetic
term for χ,
Γ =
∫
x
√
g
{
−M
2(χ)
2
R˜+ U(χ) +
1
2
K(χ)∂µχ∂µχ
}
(31)
constitutes the effective action for “variable gravity” [40].(Of-
ten M2(χ) is denoted by F (χ) and U(χ) by V (χ).)
For M2 = χ2 the graviton contribution to the flow of U
takes the form
∂tU =
5k6
32pi2
(k2 − 2U/χ2)−1 + . . . , (32)
where the dots denote contributions from the scalar fluctua-
tions and other degrees of freedom. In the region of χ where
the graviton contribution dominates, we can take over the
discussion of the running cosmological constant, and eq. (19)
turns for k2  χ2 to
U =
k2
2
χ2. (33)
This region corresponds to the close vicinity of the pole in
eq. (17) and applies to the asymptotic behavior for large χ.
The cosmon potential increases for large χ quadratically, while
a term U ∼ χ4 would lead to a crossing of the pole and is
therefore not compatible with the flow of U . Strong gravity-
induced renormalization effects prevent an increase of U (for
increasing χ) faster than χ2.
The IR potential (33) is universal. Due to the strong attrac-
tion to the fixed point it is independent of the initial conditions
of the flow - no fine tuning of parameters is required. We will
discuss below that the potential (33) is also independent of
the choice of the cutoff function Rk(q), up to a multiplicative
constant k¯/k in the definition of k. For fixed k the IR poten-
tial governs the asymptotic behavior for large χ. For a more
general dependence of M on χ the universal asymptotic form
of the potential for χ→∞ becomes
U =
k¯2
2
M2(χ). (34)
This is the central ingredient for the proposed solution of the
cosmological constant problem.
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For a scaling solution the dimensionless functions charac-
terizing L˜ in Γ = k4
∫
x
L˜ depend only on dimensionless com-
binations such as y = χ2/k2. In order to use the canonical
dimension of mass for χ we have to select a particular k that
sets the units. We denote this as k¯ =
√
2µ, such that for
M = χ one has U = µ2χ2. The value of µ is arbitrary and has
no physical content - it only sets the units for χ. The ratio
χ/µ can be used to denote the position on the flow trajectory
corresponding to
√
2y for the scaling solution. Cosmological
observables will only depend on y. For a fixed µ the IR limit
corresponds to χ→∞.
Variable gravity with quadratic cosmon potential has been
studied extensively for cosmology [40–42]. Depending on the
precise form of the kinetic term, it can describe inflation for
an early period where χ remains not too large, and dynamical
dark energy for the region of large χ. Indeed, the cosmologi-
cal field equations are solved by χ increasing from small values
towards infinity in the infinite future. At late time cosmology
therefore explores the IR limit. If χ increases to infinity for
t→∞, the infinite future corresponds to the IR fixed point.
This type of dynamics solves the cosmological constant
problem and provides for a simple mechanism for dynamical
dark energy. Indeed, the dimensionless effective cosmologi-
cal constant vanishes asymptotically for large time [43]. It is
given by the dimensionless ratio between the potential and the
fourth power of the dynamical Planck mass,
U
M4(χ)
=
µ2
M2(χ)
=
µ2
χ2
→ 0. (35)
(The last identity refers to M(χ) = χ.) The effective cosmo-
logical constant vanishes asymptotically for all cosmological
solutions for which the dynamical Planck mass M(χ) diverges
in the infinite future. In the Einstein frame, this corresponds
(approximately) to an exponential decrease of the potential
as a function of a scalar field ϕ with appropriately normalized
kinetic term [43].
Since in the present epoch χ is still finite, the effective cos-
mological constant does not yet vanish. It decreases, however,
with time, yielding the first prediction of dynamical dark en-
ergy or quintessence [43]. What is crucial for this dynamical
solution of the cosmological constant problem is an increase
of U for large χ slower than ∼M4(χ). In our present setting,
this is enforced by the structure of the graviton contributions
to the flow of U . The central result of this note simply states
that for M ∼ χ it is impossible that U increases ∼ χ4 for
χ → ∞. Such an increase would inevitably lead to a strong
instability of the graviton fluctuation effects, which is avoided
by the flow of the renormalized couplings.
The contribution of scalar fluctuations omitted in eq. (32)
is somewhat more complicated than in eq. (23). This is due
to mixing with the scalar degrees of freedom in the metric, as
well as to a possible dependence of the kinetic coefficient K
on χ. Near the pole, the graviton contributions will dominate,
however, such that the scalar fluctuations will not modify the
asymptotic behavior (33) for large χ. This extends to other
neglected fluctuation contributions as well.
We notice that the IR fixed point leading to eq. (33) is not
the only possible fixed point. An IR unstable fixed point can
be obtained for U(χ → ∞) ∼ k4. This type of fixed point
generalizes the solution of eq. (22) for the smaller v∗, where
the pole in the graviton contribution plays no role. Candi-
dates for this type of scaling solution have been found in the
discussion of dilaton quantum gravity in [14]. Our simplified
discussion suggests that perturbations of this type of scaling
solutions are unstable and trigger a flow to the IR fixed point
with the behavior (33). In any case, a behavior U ∼ µ4 would
also solve the cosmological constant problem dynamically.
No matter what are the precise details in the variable grav-
ity setting, the effective dynamical cosmological constant can-
not be negative if |U(χ)| increases with some power of χ. A
negative value of the relevant asymptotic potential U(χ→∞)
would lead to an instability in the scalar sector that is not
compatible with a consistent quantum field theory. While
bosonic fluctuations drive U(χ) to smaller values as k is low-
ered, fermionic fluctuations tend to increase U . Near the pole
in the graviton contribution, the bosonic graviton fluctua-
tions always win and enforce the asymptotic behavior (33).
If bosonic fluctuations also win in the region of small χ they
may lead to negative values of U in this region. Nevertheless,
the bosonic fluctuations cannot change the sign of the poten-
tial for large χ if the latter diverges for χ → ∞. Only this
asymptotic behavior counts for the observable effective cos-
mological “constant”. In summary, the strong IR fluctuation
effects induced by the graviton predict a positive dynamical
dark energy that vanishes in the asymptotic future.
4 Graviton contributions to the Higgs potential
The cosmon field is not the only scalar field, and one may won-
der what happens to the renormalization flow of the effective
potential in the presence of several scalar fields. We investigate
this issue in the context of variable gravity. We concentrate
on the Higgs doublet h, with straightforward generalization
to other scalar fields, including composite scalars such as the
chiral condensate in QCD. (Similar results are found in grav-
ity coupled only to the Higgs boson. One replaces below χ by
a fixed M .)
Let us assume that for k much smaller than χ, say k =
100 GeV, we can approximate for a suitable field range of h
the potential by
U = Uh(h, χ) + ∆U(χ),
Uh =
λh
2
(h†h− hχ2)2.
(36)
This range includes the partial minimum of U with respect
to h which occurs for h = (h0, 0), where h0 =
√
χχ defines
the Fermi scale. The Fermi scale is proportional to χ such
that for constant Yukawa couplings and constant h the ratio
between the electron mass and Planck mass remains constant
even for a cosmology with varying χ. The quartic coupling of
the Higgs scalar λh(k, χ) is of the order 1 for k ∼ 100 GeV,
χ ∼ 1018 GeV, while λhh is in this region of k and χ a tiny
dimensionless coupling associated to the gauge hierarchy. The
coefficient in front of the curvature scalar is given by the dy-
namical Planck mass that we take here as
M2 = χ2 + ξhh
†h. (37)
We want to study what happens if k decreases further be-
low 100 GeV. For h†h sufficiently close to h20, the graviton
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fluctuations give only a negligible contribution to the flow of
Uh. Fluctuations of particles with mass smaller than k, such
as electrons or quarks, lead to a flow of λh and h according
to the usual loop computation in particle physics. (The flow
of λhh is governed by an anomalous dimension [44].) This
flow stops effectively for k below the electron mass such that
h0(k)/χ reaches its final value. The graviton fluctuations con-
tribute to the flow of ∆U(χ), however. For h = h0 the flow
of ∆U is the same as the one for U in eq. (32) if we take for
simplicity ξh = 0. In summary, the flow of Uh is given by
particle physics, while the flow of ∆U is strongly affected by
the graviton fluctuations for the range of χ close to the pole
in eq. (17).
This simple picture holds, however, only for a range of h†h
sufficiently close to h20. Since Uh = λh∆
2/2 increases quadrat-
ically with ∆ = h†h − h20, graviton fluctuations become im-
portant at some critical ∆c(k). The bound from the pole-like
behavior reads now
Uh + ∆U ≤ k
2
2
(χ2 + ξhh
†h). (38)
It will be saturated for large enough ∆ such that the asymp-
totic behavior of Uh is at most linear in ∆.
We may estimate the critical value of ∆c for the transition
from the approximation (36) to the behavior linear in ∆ by
λh∆
2
c = k
2(χ2 + ξh∆c), ∆c ≈ kχ. (39)
This value depends on χ and varies with k. For k ≈ 100 GeV,
χ ≈ 1018 GeV one has ∆c ≈ (1010 GeV)2, such that the par-
ticle physics potential (36) can be trusted for |h| . 1010 GeV.
For particle physics experiments, the graviton fluctuations
play no role. On present cosmological length scales, k =
10−33 eV, the range of validity of the approximation (36)
shrinks to ∆ < (10−3 eV)2 or |h − h0| < 10−17 eV. This
range seems tiny at first sight. We should, however, com-
pare the energy density for an excitation |h− h0| = 10−17 eV,
i.e. ∆ρ ∼ h30|h − h0| ∼ (104 eV)4, with the present cosmo-
logical energy density ρc ∼ (2× 10−3 eV)4. It is 28 orders of
magnitude larger, which makes it clear that all relevant ex-
citations of h − h0 on cosmological scales are far below the
critical amplitude of 10−17 eV.
It is often argued that the change in the effective potential
due to spontaneous electroweak symmetry breaking is a puz-
zle for a vanishing cosmological constant, since it contributes
to ∆U an amount ∼ h40 ∼ (100 GeV)4. It is interesting to
see how our scenario of strong graviton-induced renormaliza-
tion effects deals with this issue. At the scale k relevant for
electroweak symmetry breaking, k ≈ 100 GeV, the potential
∆U(χ) still can reach values up to k2χ2 ≈ (1010 GeV)4 for
χ ∼ 1018 GeV. Thus h40 induces only a tiny change. As k
is lowered, ∆U follows its flow equation and reaches a value
h40 for k ≈ 10−5 eV. The graviton fluctuations with momenta
smaller than 10−5 eV finally renormalize the complete ∆U to
even smaller values, absorbing in this way the jump due to
electroweak symmetry breaking.
Beyond the IR regime we may approximate
M2 = χ2 + fk2. (40)
(As compared to eq. (37) we have set ξh = 0.) In this approx-
imation we can summarize the qualitative features of graviton
contributions to the flow of the effective potential by the sim-
ple formula
∂tUg =
5k6
32pi2
(
k2 − 2U
χ2 + fk2
)−1
. (41)
Equation (41) covers the whole range from the UV (k → ∞)
to the IR (k → 0). With ρh = h†h and primes denoting now
derivatives with respect to ρh, one obtains the graviton contri-
bution to the flow of derivatives of U by taking corresponding
derivatives of eq. (41), e.g.
∂tU
′
g = A
(g)U ′,
A(g) =
5k6
16pi2(χ2 + fk2)
(
k2 − 2U
χ2 + fk2
)−2
.
(42)
Similarly, one finds at U ′ = 0
∂tU
′′
g
∣∣
U ′=0 = A
(g)U ′′. (43)
We identify the second derivative with respect to ρh at
the partial minimum of U with respect to ρh with a k-
and χ-dependent quartic self-interaction of the Higgs boson,
λh(k, χ). According to eq. (43) the graviton contribution to
the flow of λh is given by the positive anomalous dimen-
sion A(g). Depending on the value of k/χ, we observe three
regimes. For the UV regime fk2  χ2 one typically has
U = uk4 such that
A(g) =
5
12pi2f
(
1− v∗
)2 , v∗ = 2uf . (44)
(We have included here the factor 4/3 from the full k-
dependence of Rk.) With 8pif = 1/g∗ typically of the order
one, the anomalous dimension is sizeable and not suppressed
by any small parameter. Values u/f (often called λ) vary in
the literature, u/f = 0.36 [6], 0.26 [8], 0.22 [36], 0.22 [11], 0.0
[37], 0.1 [38], 0.2 [39], 0.25 [12]. These values, as well as the
values for g∗ = (8pif)−1 quoted above, are for pure gravity.
They will change in the presence of matter particles. If we
take for a rough estimate u/f = 0.25, g∗ = 1, eq. (44) yields
A(g) ≈ 4. Values of A(g) exceeding 2 seem well within the
possibilities.
For the second regime one has fk2  χ2, while the flow
is not yet dominated by the pole-like behavior such that
k2 − 2U/χ2 is of the order k2. As a consequence, A(g) is sup-
pressed by the small ratio k2/χ2. In this regime, the graviton
contributions to the flow of λh or λhh are tiny. The flow of
these quantities is dominated by the particle physics contri-
butions, following the perturbative running in the standard
model or extensions thereof. For k2  m2e, the flow eventu-
ally stops. Finally, the IR regime with strong gravitational
infrared effects sets in when k2 reaches the vicinity of 2U/χ2.
The pole-like enhancement overwhelms the suppression k2/χ2
and the anomalous dimension (42) can get very large.
The large and positive anomalous dimension A(g) in the UV
regime has important consequences for particle physics. First,
A(g) drives λh fast towards values close to zero. There are typi-
cally additional small particle physics contributions to the flow
of λh that do not necessarily vanish for λh = 0. Nevertheless,
the large gravitational anomalous dimension dominates, re-
sulting in a very small value of λh at the scale k = χ/
√
f when
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the gravitational contributions die out. Subsequently, the con-
tribution of the Yukawa coupling in the standard model lets
λh grow. This simple structure has led to the successful pre-
diction [45] of the value of the Higgs boson mass of 126 GeV
with a few GeV of uncertainty. The main requirement for
this prediction, namely the gravity-induced positive and siz-
able anomalous dimension for the quartic scalar coupling λh,
is realized within our simple computation.
For a second-order vacuum electroweak phase transition,
the critical hypersurface cannot be crossed by the flow. The
flow for a small deviation from the critical hypersurface is gov-
erned by an anomalous dimension [44, 46]. With βU ′ = ∂tU
′
the anomalous dimension reads A = ∂βU ′/∂U
′∣∣
c.s.
, where the
subscript reminds that A has to be evaluated on the critical
surface. If A exceeds 2, the small ratio between Fermi scale
and Planck mass
√
h can be naturally explained by a “resur-
gence mechanism” [46]. The dimensionless distance from the
critical hypersurface γ first shrinks to a very small value due to
the flow in the UV regime. It then increases again, essentially
due to the canonical dimension, once k2 < χ2/f . Our com-
putation yields a graviton contribution to A which is given by
A(g), cf. eq. (42). Our simple estimate of its value (44) in the
UV regime suggests that it may indeed exceed 2. Establishing
A > 0 requires, of course, a more complete quantum gravity
computation. For a Higgs-Yukawa model coupled to gravity
A > 2 has been found in ref. [32].
5 General instability-induced flow
We have found strong quantum gravity effects in the infrared
flow of the cosmological constant and the effective potential
of the cosmon and the Higgs doublet. This perhaps surprising
observation is related to an instability of the graviton prop-
agator in flat space which occurs for (Euclidean) momenta
q2 < 2V/M2. Functional renormalization avoids this instabil-
ity by a flow of V towards zero. For momenta q2 ≈ k2, the cos-
mological constant V (k) or the scalar potential U(χ, k) is small
enough for 2V/M2 not to exceed k2. (Here and in the following
one can replace V by U and similarly v by 2U/M2k2.) This
“avoidance of the instability” arises on the level of functional
flow equations as a singular structure which prevents a flow
into the unstable region. The effect is highly non-perturbative
and will not be seen at any finite order of a perturbative ex-
pansion.
The consequences of a simple estimate of this strong infrared
effect in quantum gravity are rather impressive:
i. The cosmological constant is renormalized to zero.
ii. Within variable gravity, dynamical dark energy is pre-
dicted.
Extending the simple calculation of the graviton contribution
to the UV regime and the functional flow of the Higgs poten-
tial leads to further results:
iii. A positive, sizable anomalous dimension for the quartic
coupling of the Higgs doublet leads to a successful pre-
diction of the mass of the Higgs boson.
iv. For a small enough flowing Planck mass in the UV scaling
regime, the gauge hierarchy of the electroweak symmetry
breaking can be explained.
Needless to say that such dramatic consequences call for a crit-
ical assessment of the reliability of the simple estimate. We
concentrate here on the IR regime and briefly address three
questions:
1. Is the strong IR gravity effect in Euclidean flat space ro-
bust with respect to a change of cutoff and a more complete
treatment of the metric fluctuations?
2. Does the result extend to Minkowski space?
3. Is the strong IR effect also relevant if a realistic cosmolog-
ical solution replaces flat space?
On the technical level, the singular structure in the flow
equation (17) is the central ingredient. It turns βv necessar-
ily positive if v approaches one sufficiently closely. Since v
cannot grow beyond the value where βv turns positive, the
singular behavior is avoided. For negative m2 the divergence
of Ik(m
2) in eq. (13) for a certain ratio k2/|m2| is indeed rather
genuine for “ admissible” cutoff functions Rk(q). The cutoff
should decrease with decreasing k such that ∂tRk > 0. There-
fore Ik(m
2) is positive as long as P (q) = q2 + Rk(q) is posi-
tive. If furthermore Ik(m
2) diverges as a critical value vc for
v = 2V/M2k2 is approached, one necessarily obtains βv > 0
in the vicinity of the singularity for vc, and v < vc. Thus v
either decreases (for βv > 0) or it cannot increase beyond the
point where βv vanishes. In consequence, the singularity at vc
can never be crossed by the flow.
For the strong IR gravity effect it is sufficient that Ik(v) has
a singularity for finite v > 0. Let us denote x = q2/k2 and
p(x) =
(
q2 +Rk(q
2)
)
/k2, such that
Ik(v) =
k4
32pi2
∫ ∞
0
dxx
(
p(x)− v)−1(∂tRk/k2). (45)
We consider cutoff functions for which p(x) has a minimum
for some x¯ 6= 0, p(x¯) = p¯, and is analytic in this region,
p(x¯) = p¯+ a(x− x¯)2 + . . . (46)
The case a = 0, p¯ = 1 corresponds to the Litim cutoff dis-
cussed above, and we extend the discussion now to a > 0.
The singularity occurs for vc = p¯. For  = p¯ − v → 0,
(∂tRk/k
2)(x¯) = 2s¯, one can approximate the dominant in-
tegration region for x close to x¯ by
Ik(v) =
k4x¯s¯
16pi2
∫
dx
+ a(x− x¯)2 =
k4x¯s¯
16pi
√
a
. (47)
This integral indeed diverges with −1/2 for  → 0, thus es-
tablishing that for this type of cutoff functions the singularity
cannot be crossed [20]. As is well known from the investigation
of the approach to convexity for scalar effective potentials, cut-
off functions with minimum p(x) at x = 0 are less suited. The
lack of a singularity in Ik(v) would entail a rather complex
IR behavior that cannot be described anymore by a simple
truncation.
From eq. (47) the flow near the singularity is approximated
by
∂tv = −2v + 10
M2k2
Ik(v) ≈ e¯
M2k2
(p¯− v)−1/2 − 2p¯, (48)
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with
e¯ =
5x¯s¯
8pi
√
a
. (49)
The approximate solution reads
v = p¯−
(
e¯k2
2p¯M2
)2
, V =
p¯M2k2
2
− e¯
2k6
8p¯2M2
. (50)
The asymptotic value Vc = M
2k¯2/2, k¯2 = p¯k2, is approached
even closer than in eq. (19). For admissible cutoffs the be-
havior (50) seems at first sight more generic than the limiting
case of the Litim cutoff. We observe, however, that for small 
only a tiny range |x− x¯| ∼√/a contributes substantially to
the integral (47), while for the Litim cutoff the weight is more
equally distributed in the range x < 1. The precise approach
to the universal IR value V = M2k¯2/2 depends strongly on
the cutoff. In contrast, the universal form V = M2k¯2/2 is
independent of the choice of the cutoff up to a multiplicative
constant k¯/k related to the precise definition of k. Only the
universal IR value of V is important for our purposes.
What about additional contributions to ∂tV from photons
or other massless particles? Such fluctuations add to the flow
of V a term
∆∂tV = dk
4. (51)
This contribution is usually associated to a pledged “unnat-
uralness of a small cosmological constant due to quantum or
vacuum fluctuations”. In the presence of the strong IR gravi-
ton fluctuations an additional term (51) in the flow of V has
almost no influence in this region of the flow. It modifies V in
eq. (50) only by a term ∼ k8/M4. For the Litim cutoff it adds
to βv in eq. (17) a term 2dk
2/M2 which is strongly suppressed
for small k2/M2. As a result, the last term in eq. (19) is di-
vided by a factor (1− dk2/M2). The correction ∼ dk6/M2 is
of the same order as other subleading terms in the expansion
of V . We conclude that the effect of “vacuum fluctuations” of
virtual particles is well present and of the order expected from
simple estimates. It is, however, overwhelmed by the graviton
fluctuations and cannot impede the approach of V towards
zero as k is lowered. Fluctuations of particles with mass mp
are further suppressed by a factor k2/m2p in the range k  mp.
So far, we have only included the contribution from the
graviton fluctuations. We have paid little attention to issues
such as gauge invariance, gauge fixing, other components of
metric fluctuations, ghosts, or fluctuations of the cosmon χ or
Higgs doublet h. The strong IR quantum gravity effects are
related to a singular behavior of flow equations as an unstable
region is approached. For the “avoidance of instabilities” we
can neglect fluctuations which yield regular contributions in
the field- and k-region relevant for the “singular flow”. This
typically happens for matter fluctuations. (Additional singu-
larities in the scalar sector may arise for non-convex parts of
the potential. They are well understood [20] and will not be
considered here.) The trace part of the physical metric fluc-
tuations has a propagator Gk ∼
(
P (q)− V/(2M2))−1. For
P (q) ≥ 2V/M2, this potential singularity is not reached by
the flow.
The propagator of the gauge fluctuations in the metric is
determined mainly by the gauge fixing term. If the gauge
fixing parameter α goes to zero, the inverse propagator ∼
(q2/α+finite pieces) does not lead to a singular behavior in the
relevant range. Also mixing between physical fluctuations and
gauge fluctuations becomes negligible, cf. ref. [29] for details.
Finally, ghost contributions are not singular either. We con-
clude that the strong IR flow near the transition to instability
is completely governed by the fluctuations in tµν . Of course,
all other fluctuations contribute away from the singularity.
They play a role for a precision estimate of the anomalous
dimensions for the Higgs potential in the UV scaling regime.
6 Potential flow in Minkowski space
We next turn to the flow equation in Minkowski space with
metric g¯µν = ηµν . The factor
√
g in eq. (2) equals i, thus
modifying eq. (4),
Γ(2) = i
(
M2q2
4
− V
2
)
P (t), (52)
with q2 = qµqµ = q
2 − ω2e2i, qµ = (−ω, q), and  → 0+
indicating the path taken in ω-integrations. Correspondingly,
we also multiply the cutoff function Rk by a factor i, and G
picks up a factor −i. The exact flow equation (9) holds for
arbitrary signature such that
∂t(iV ) =
1
2
Tr
∫
q
∂tRkG, (53)
with
∫
q
= (2pi)−4
∫
dω
∫
d3q now performed with Minkowski
signature and Tr the trace over internal indices. The contri-
bution of the graviton fluctuations reads
∂tV = −5iI˜k,
I˜k =
1
2
∫
q
J(q) =
1
2
∫
q
∫
ω
J(ω, q),
J(q) =
(
q2 +Rk(q)− 2V
M2
)−1
∂tRk(q).
(54)
The ω-integral can be considered as an integral along the
real axis in the complex plane, ω = ωR + iωI . With Eu-
clidean momentum q0 = −ωI and assuming that J vanishes
sufficiently fast for |ω| → ∞, one has
I˜k = iIk −∆1 + ∆3, (55)
with Euclidean integral Ik given by eq. (13), and ∆1, ∆3 the
clockwise contour integrals around the regions I and III. We
define the regions as I: ωR > 0, ωI > 0, II: ωR > 0, ωI < 0,
III: ωR < 0, ωI < 0, and IV: ωR < 0, ωI > 0. If J is analytic
in the regions I and III, the flow equation for V is the same
for Minkowski space and Euclidean flat space. If not, there
are additional contributions ∼ 2i(∆1 −∆3) that may contain
an imaginary part.
Let us consider a situation where J is analytic in regions I
and III except for possible poles. With Rk depending only on
q2 the integrand J(ω, q) only depends on ω2. Possible poles
come in pairs ±ω¯j(q). Near a pair of poles j one has
J =
rj(ω
2)
ω2 − ω¯2j
=
rj(ω¯
2
j )
2ω¯j
(
1
ω − ω¯j −
1
ω + ω¯j
)
. (56)
The residua in regions I and III have therefore opposite signs,
∆3 = −∆1. As a result one finds
I˜k = i
(
Ik +
∑
j
Kj
)
, Kj =
∫
q
rj(ω¯
2
j )
2ω¯j
, (57)
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with j the sum over poles of J in region I, located at ω¯j(q).
For v < 1 and suitable cutoff functions the integrals Kj do
not show a singular behavior if rj(ω¯
2
j )/ω¯j remains finite in the
whole integration region. The integrands should fall off fast
enough for large |q| due to the factor ∂tRk. The effect on the
flow of any “finite contribution” in I˜k is suppressed for small k
by a factor k2/M2. In consequence, the singular structure in
I˜k for k¯
2 − 2V/M2 → 0 arises from the Euclidean integral Ik.
The “avoidance of the singularity” is the same for Minkowski
and Euclidean signature.
We may map the regions in the complex variable x =
q2/k2 = xR + ixI onto the complex ω-plane, recalling that
a given x corresponds to two values of ω with opposite sign.
With our i-definition of q2 one finds that xI < 0 maps into
the ω-regions I, III, while xI > 0 corresponds to regions II,
IV. For xI = 0 the real values of q
2 are mapped to regions
II, IV if q2/k2 > xR, while they belong to regions I, III for
q2/k2 < xR. If Rk(x) is a real function of x this also holds
for J(x). Any pole of J(x) at z implies therefore the existence
of another pole at z∗. Poles in the regions I, III can therefore
only by avoided for all q2 if they occur all for real negative
x. An “ideal cutoff function” Rk would be such that J(x)
remains analytic in the regions I, III.
Infrared cutoff functions for Minkowski signature have been
discussed by Floerchinger [47], see also [48–50]. We may con-
sider an algebraic cutoff of the form
Rk(q) = bk
2
(
k2
k2 + cq2
)n
, (58)
with positive real constants b and c. For |ω| → ∞ one has
J ∼ |ω|−2(n+1) such that contours can indeed be closed at
|ω| → ∞. The poles of ∂tRk are in regions II and IV. If
z = zR + izI denotes one of the zeros of the polynomial S(x),
x = q2/k2,
S(x) = (x− v)(1 + cx)n + b, (59)
e.g. S(z) = 0, poles are present in the regions I, III unless
all zeros occur for real negative z. Typically, S(x) has zeros
away from the real axis such that the choice (58) does not
correspond to an “ideal cutoff”. Since the contributions from
∆1 −∆3 are subleading we concentrate on the Euclidean mo-
mentum integral for this cutoff. For nbc > 1, the minimum
of p(x) = x + Rk/k
2 occurs at x¯ > 0. We may choose b such
that p¯ = p(x¯) = 1, k¯ = k. The integral Ik has a singularity
∼ 1/√ which will prevent the flow from entering the singu-
lar region v > 1, leading to the same strong graviton-induced
renormalization effects for V as for Euclidean flat space.
Our choice of b corresponds to
x¯ = 1− 1n+1
(
1 + 1c
)
, b = 1nc (1 + cx¯)
n+1, (60)
where c > 1n , b > 1. An example is n = 2, c = 1, x¯ = 1/3,
p(0) = b = 32/27, p(1) = 35/27. In the region 0 < x < 1 one
finds only a small enhancement of p(x) as compared to the
Litim cutoff p(x) = 1. With
p(x) = x+ b(1 + cx)−n,
s(x) =
∂kRk
2k2
= b(1 + cx)−n
(
n+ 1− n1+cx
)
,
(61)
the Euclidean integrand
J(x) =
2s(x)
p(x)− v (62)
hardly differs from the Litim cutoff
JL(x) =
2
1− v θ(1− x). (63)
Our Euclidean estimate of the flow of V with a Litim cut-
off therefore yields a valid approximation for the flow in
Minkowski space with cutoff (61), except very near the singu-
larity. The singular behavior is of the type (46) and (47).
7 Flow on cosmological backgrounds
The flow in a flat background metric clearly shows the strong
IR gravity effect. One would like to extend the discussion
to fluctuations in the vicinity of a realistic cosmological solu-
tion, with fixed homogeneous and isotropic background metric
g¯µν = a
2(η)ηµν and conformal time η. In variable gravity, this
is accompanied by a fixed background solution for the scalar
field χ¯(η). For the graviton fluctuations, the background met-
ric enters the flow equation by replacing in Γ(2) and Rk the
dependence on q2 by the covariant Laplacian, q2 → −DµDµ,
as well as by additional geometric terms in Γ(2) arising from
a non-vanishing curvature scalar, for details see ref. [17]. In
variable gravity, the background scalar field χ¯(η) appears in
the factor M2(χ¯) in the cutoff term. This differs from M2(χ)
in Γ(2), which is evaluated for arbitrary χ. As for our simpli-
fied discussion in flat space, we omit the difference between χ¯
and χ and evaluate the effective action for χ¯ = χ.
One is interested in the form of the effective average action
Γk in the vicinity of a realistic cosmological solution a(η) and
χ¯(η). For cosmology, this will be sufficient to derive quantum
field equations and the power spectrum of primordial fluc-
tuations [51]. Similarly to simple scalar models, where the
best results of simple truncations are obtained by expanding
around the ground state solution (e.g. the minimum of the
effective potential), we expect for quantum gravity the most
reliable results for expansions around the cosmological back-
ground. While Γk is a functional of arbitrary metrics gµν (x)
and scalar fields χ(x), the background metric g¯µν and scalar
field χ¯ may be considered fixed. (For alternatives cf. ref. [28].)
An optimal procedure adjusts g¯µν and χ¯ a posteriori to a so-
lution of the field equations derived from the effective action
for k = 0 (or k = k0).
For the discussion on a curved background we concentrate
on the graviton fluctuations which correspond to the traceless
transversal tensor with respect to the rotation group SO(3).
In a homogeneous isotropic background the graviton can be
identified [17] with the components of tµν in the three “space
directions” m,n ∈ {1, 2, 3} with constraints
tmn = a
2γmn + . . . , q
nγmn = 0, γ
m
m = 0. (64)
The projector P (γ) onto the graviton mode reads
P (γ)mnpq =
1
2
(
QmpQnq +QmqQnp −QmnQpq
)
,
Q nm = δ
n
m −
qmq
n
q2
, TrP (γ) = P (γ)mnmn = 2,
(65)
with P (γ) = 0 if one index equals zero. In flat space a restric-
tion to the graviton mode replaces effectively P (t) by P (γ).
10
Thus the graviton part in the flow equation (12) replaces the
factor 5 by 2. Restricting the flat space discussion to the con-
tribution of fluctuations of the “propagating graviton” γmn
multiplies the graviton contribution by a factor 2/5. This
quantitative modification does not change any of our qualita-
tive findings.
For the effective action (31) the inverse graviton propagator
becomes [52]
Γ˜(2)γ =
i
4
[
A2
(
Dˆ +Rk(Dˆ)
)
+ ∆γ
]
P (γ), (66)
with
Dˆ = ∂2η + 2Hˆ∂η + q2, q2 = δmnqmqn,
∆γ = −2A4Vˆ + 2A2(Hˆ2 + 2∂ηHˆ) +A2Kˆ(∂ηχ¯)2.
(67)
Here we employ frame-invariant quantities, for M = M(χ),
U = U(χ),
A = Ma, Hˆ = ∂η lnA,
Vˆ =
U
M4
, Kˆ =
K
M2
+
3
2M4
(
∂M2
∂χ
)2
.
(68)
We work in three-dimensional Fourier space with spacelike co-
moving momenta qm, and in position space for conformal time
η, η′. The graviton Green’s function obeys
Γ˜(2)γ Gγ(η, η
′) = P (γ)δ(η − η′). (69)
In eqs. (66) and (69) we have omitted δ-functions for the co-
moving three-momenta. The trace in the flow equation be-
comes
tr→
∫
dηdη′ δ(η − η′)
∫
q
Tr . (70)
The graviton contribution to the flow of the effective poten-
tial reads
∂t(a
4U) = ∂t(A
4Vˆ ) = −i
∫
q
∂tRk(q, ∂η)G(q, η, η
′)
∣∣
η′=η.
(71)
In eq. (71) the local form in η reflects the general property in
position space for Γ =
∫
x
L(x), where
∂tΓ =
∫
x
∂t L(x) =
1
2
Tr
∫
x
∫
y
∂tRk(x, y)G(y, x) (72)
is solved by the local evolution equation
∂tL(x) =
1
2
Tr
∫
y
∂tRk(x, y)G(y, x). (73)
We emphasize that both sides in eq. (71) involve only frame-
invariant quantities [52]. In particular, the cutoff function in-
volves the combination
A2kˆ2 = a4M2k2, kˆ = ak, (74)
i.e. Rk(q) depends on kˆ
2 and Dˆ. Concerning non-linear field
transformations the computation of the flow equation is done
in a specific frame or choice of fields, namely the one for which
the infrared cutoff term is quadratic in the fluctuations. This
is the analogue to the selection of a frame in a loop computa-
tion by the implicit assumption that no non-trivial Jacobian
is present in the functional measure. For our purpose it is
important that the cutoff is quadratic in the physical gravi-
ton fluctuations, e.g. those that couple to sources reflecting
conserved energy-momentum tensors (“linear split”). Once
the flow equation has been derived, arbitrary non-linear field
transformations can be performed. With respect to confor-
mal field transformations of the metric (Weyl scalings) this
is reflected in the frame invariance of the flow equation, e.g.
eqs. (66), (68) and (71). The solution of the flow equation can
be done in an arbitrary frame.
For a flow in Minkowski space with g¯µν = aηµν and con-
stant a, one replaces in the previous computation U → a4U ,
k2 → a2k2 such that J(q) in eq. (54) involves now kˆ instead
of k. The flow equation for
v =
2U
M2k2
=
2A2Vˆ
kˆ2
(75)
is independent of a. More generally, it is invariant under ar-
bitrary k-independent Weyl scalings of the metric since the
frame-invariant combinations remain unchanged. In other
words, the flow equation (71) is the same for all metrics g¯µν
that can be transformed into each other by field-dependent but
k-independent Weyl scalings or conformal transformations of
g¯µν .
For the flow in a curved background geometry one can
approximate Dˆ = ∂2η + q
2 and ∆γ = −2A4Vˆ as long as
kˆ2  Hˆ2, ∂ηHˆ, Hˆ∂η, Kˆ(∂ηχ¯)2. This approximation corre-
sponds to the flow in flat Minkowski space. Indeed, the prop-
agator equation (10) for G,
iA2
4
[
Dˆ +Rk(Dˆ)− 2A2Vˆ
]
Ggrav(η, η
′) = δ(η − η′), (76)
can be solved for η-independent A in Fourier space,
Ggrav(η, η
′) =
∫
ω
e−iω(η−η
′)Ggrav(ω), (77)
with (q2 = q2 − ω2 = a2qµqµ)
iA2
4
(
q2 +Rk(q
2)− 2A2Vˆ )Ggrav(ω) = 1. (78)
Inserting
Ggrav(η, η
′) = − 4i
A2
∫
ω
e−iω(η−η
′)(q2 +Rk(q2)− 2A2Vˆ )−1
(79)
into eq. (71), one recovers the previously discussed flow in
Minkowski space. As expected, the integration of modes with
large momenta is not influenced by the background geome-
try if all characteristic length scales of the geometry are much
larger than the inverse momentum of the fluctuations.
As kˆ2 is lowered and reaches Hˆ2, the details of the back-
ground geometry influence the flow. A given background ge-
ometry could eventually stop the flow once kˆ2 . Hˆ2. This
can happen when ∆γ in eq. (66) vanishes or becomes positive,
such that the potential instability is no longer present. With-
out an instability the graviton contributions are suppressed by
k2/M2 and therefore negligible.
As an illustration, we consider a model with gravity and a
scalar field χ. We choose a background metric g¯cµν and back-
ground field χ¯c(η) that solve the field equations which are
derived by variation of the effective action at a given k¯. For
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definiteness we assume for Γk¯ the form (31). The two inde-
pendent field equations read [52]
2Hˆ2 + ∂ηHˆ = A2Vˆ , (80)
and
Hˆ2 − ∂ηHˆ = Kˆ
2
(∂ηχ¯)
2. (81)
For the solution of the field equations (80) and (81) the term
∆γ in eq. (67) vanishes, corresponding to a massless on-shell
graviton propagator. In such a geometry, the potential insta-
bility for V > 0 is cancelled by the geometric terms. The
strong IR flow induced by the graviton is no longer present.
The absence of a mass-like term in the “on-shell” propa-
gator of the graviton is well known in general relativity and
cosmology and has been discussed for the renormalization flow
in refs. [53, 54]. It is at the origin of scepticism about the rel-
evance of the “avoidance of instabilities” for observable cos-
mology. We emphasize that the effective “on-shell stop” of the
graviton-induced flow occurs only for a particular “on-shell”
configuration of the scalar field, namely for χ(η) = χ¯c(η) obey-
ing the field equations. The flow of the effective potential and,
more generally the effective action, is an off-shell issue. One
evaluates Γk for arbitrary field configurations, and only a very
small subset can obey the field equations derived from Γk.
This has important consequences, as can be seen by simple
examples:
i. We have already found that for kˆ2  Hˆ2 the flow is
well approximated by the flow in flat space and therefore
exhibits the strong graviton-induced renormalization ef-
fects.
ii. Consider a potential U(χ) increasing sufficiently fast with
|χ|. For the range χ2  χ¯2c(η), the potential term will
dominate the geometric terms in ∆γ , inducing again a
fast flow of U in this region. In variable gravity the
asymptotic behavior U(χ) ∼ χ2 for χ → ∞ cannot be
changed by geometric effects.
iii. For an η-independent field χ (instead of χ¯c(η)), as appro-
priate for the flow of U , the term ∼ Kˆ in ∆γ is missing.
(This holds even if Rk employs χ¯c(η).) Thus ∆γ remains
negative, creating again an instability barrier not to be
crossed.
Furthermore, we recall that interesting cosmological solu-
tions are often not simple solutions of field equations for
models of gravity coupled to a scalar field. For the matter-
dominated universe in the Einstein frame (constant M), a ∼
η2 ∼ t2/3, one has H = 1/2η, H2 + 2∂ηH = 0 such that
the term ∆γ = −2A4Vˆ only involves the potential. For the
radiation-dominated universe, a ∼ η, H ∼ 1/η, ∂ηH = −H2
one infers that ∆γ = −2A4Vˆ −2A2H2 has a negative geomet-
ric contribution, adding to the instability.
In summary, the choice of a realistic cosmological back-
ground will typically not modify qualitatively the strong IR
effects related to the “avoidance of instability” for most parts
of the flow. Geometric effects play a role, however, as the flow
ends effectively due to the presence of a “physical IR cutoff”
arising from the geometry of the cosmological solution. The
exact flow equation does not depend on the choice of the cut-
off. Details of the flow in flat space will, however, depend on
the selection of the cutoff. This dependence should be com-
pensated by the details of the stop of the flow due to a physical
cutoff, which also depend on the choice of the cutoff. In many
circumstances we expect that the role of the geometric effects
for a curved background is related to the effective stop of the
flow.
8 Conclusions
We conclude that the strong infrared renormalization effects
induced by the graviton fluctuations are generic for a positive
effective potential U . They lead to a solution of the cosmologi-
cal constant problem. The barrier preventing unstable behav-
ior acts by erasing any microscopic value of the cosmological
constant, replacing it by a universal scale-dependent infrared
value.
Let us concentrate on the action of this “graviton barrier”
in variable gravity where M2(χ) grows for large χ2  k2 pro-
portional to χ2. The flow equation will always induce a de-
pendence of M2 on χ. A scale-invariant coupling ∼ ξχ2R˜
dominates the behavior of M2 for large χ, as compared to
any constant contribution. This is consistent with an IR fixed
point reached for k2/χ2 → 0, i.e. for χ → ∞ at fixed k.
By multiplicative scaling of χ we can set ξ = 1, such that
M2(χ) = χ2 becomes indeed a valid approximation. Since the
χ-dependence of M is unavoidable, one should derive the flow
equations within the framework of variable gravity. Only once
the flow equations are derived within variable gravity, they can
subsequently be translated to the Einstein frame. As we have
argued, this translated flow will not be identical to the flow
that one obtains by a direct computation with fixed M2 as
performed as a “warm-up example” at the beginning of this
note. Only qualitative features may be expected to be similar.
Assume that the cosmon potential U(χ) increases for in-
creasing χ2, with U(χ) > 0. The strong graviton-induced flow
limits the asymptotic increase of U(χ → ∞) to U ∼ k2χ2
- in other words, the graviton barrier blocks any faster in-
crease. As a consequence, the dimensionless ratio Vˆ (χ) =
U(χ)/M4(χ) = U(χ)/χ4 decreases for increasing χ2, Vˆ ∼
k2/χ2. For cosmological solutions with χ2 → ∞ for the in-
finite future, the observable cosmological constant vanishes
asymptotically [41, 43]. If U(χ → ∞) increases more slowly
than χ2, or goes to a constant, the decrease of Vˆ with χ is
even faster. An increase of |U(χ → ∞)| with χ2 towards
negative values is not compatible with a potential bounded
from below, as required for a consistent quantum field the-
ory. We conclude that the graviton barrier implies an asymp-
totic decrease of the dimensionless cosmological “constant”
Vˆ (χ → ∞) to zero. An asymptotically vanishing cosmolog-
ical constant obtains in more general settings as well. It is
sufficient that Vˆ (χ) = U(χ)/M4(χ) vanishes for χ→∞.
Once the flow equation for A4Vˆ is derived within vari-
able gravity, we can transform this description into the Ein-
stein frame with χ-independent M2. This is achieved by
a χ-dependent Weyl scaling of the metric. As long as the
Weyl scaling is k-independent, the exact flow equation is the
same for all frames. We have formulated the flow in terms of
frame-invariant quantities such as Vˆ . In the Einstein frame,
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U = Vˆ M4 decreases ∼ χ−2 and goes precisely to zero (not
a non-zero constant!) for χ → ∞. For a rescaled scalar field
ϕ with canonical kinetic term, the decrease of U is approxi-
mately exponential, U ∼ M4 exp(−αϕ/M). Such potentials
give rise to dynamical dark energy or quintessence [43], typi-
cally inducing “scaling” or “tracking” solutions for cosmology
[43, 55].
We infer that dynamical dark energy is a rather natural
consequence of the graviton barrier. Since Vˆ approaches zero
for χ → ∞ with Vˆ > 0 for finite χ, the only possibility to
avoid dynamical dark energy is a minimum of Vˆ for a finite
value χ0. This requires a maximum for some finite χmax > χ0
as well. While this remains a possibility, the case of mono-
tonic Vˆ appears to be simpler. (We observe that in the case
of a minimum, the value V = U(χ0) would also be subject to
strong IR renormalization effects if V > 0.) Our computation
of the graviton-induced renormalization effects are in support
of the ideas underlying the first proposal of quintessence [43],
of crossover variable gravity [41] and of the prediction of the
Higgs mass within asymptotic safety [45].
We have only briefly discussed curved background geome-
tries. Under certain circumstances, they may stop the IR flow
for low k if metric and scalar fields are close to solutions of
the field equations or if geometry provides an effective infrared
cutoff in some other way. A quantitative understanding of this
effect will require some technical effort in order to derive and
solve flow equations in a time-dependent background. In view
of our qualitative findings for the overall flow, we conclude
that curved background geometries do not change our main
conclusion: strong infrared quantum gravity effects solve the
cosmological constant problem.
Interesting open questions emerge: Which are the effects
of the graviton barrier for other parts of the effective action
for gravity, in particular in the low momentum domain? Are
the infrared gravity effects consistent with the numerous pre-
cision tests of gravity which confirm the Einstein-Hilbert ac-
tion? Could there be observable consequences, or implications
for black holes? Functional flow equations evaluated on the
corresponding geometries should be able to address these ques-
tions. This should also shed light on more phenomenological
investigations [56–58] of possible consequences of the renor-
malization flow of the cosmological constant. If these issues
show no conflict with observation, our findings solve the fun-
damental puzzle why our universe has grown large enough in a
not too disruptive way, such that complex structures as galax-
ies, stars and life could emerge. The border of instability gives
room for complexity.
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